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ABSTRACT: van der Waals (vdW) interaction has been described with a Lennard-Jones
potential for decades in molecular mechanics. Here, we report a new potential function Exp-
PE from quantum mechanical derivation for vdW interactions for molecular mechanic
simulation. High-order ab initio calculations and experimental atomic force microscopy
measurements have been used to test its feasibility, and the results suggest that this formula is
simple, accurate, and transferable. This new potential function is capable of upgrading the
traditional force fields especially for the applications involving vdW interactions.

1. INTRODUCTION

van der Waals (vdW) interactions are of fundamental
importance for understanding the dynamic and static proper-
ties of gases, liquids, and solids. In molecular mechanics, these
interactions have usually been expressed as a classical potential
function containing repulsion and dispersion components.1−6

Traditional force fields usually describe vdW interactions with
the Lennard-Jones (LJ) 12-6 potential,3−6 considering that the
long-range dispersion interaction can be approximated as 1/
R−6. However, this form is not a sacred law of physics but just
the result of approximations in many different ways by various
authors,7−11 and the original authors admit that this form is
only applicable for quite large distances. Moreover, a cutoff of
approximately 10 Å is usually needed for the vdW interactions
in the force field to reduce the computational cost. Under this
restriction, 1/R−6 may not be the only reasonable form. In
addition, the inverse power term (1/Rn) of the LJ potential is
known to make the inner wall too stiff, thus causing problems
in many computer simulations. The most direct problem is
that the short distance energy between atoms or molecules
cannot be reproduced. The potential diverges when two atoms
approach one another, which may create instability. As early as
1963, Gambhir and Saxena12,13 proposed that the LJ potential
is somewhat incorrect in correlating the equilibrium properties
of gases and gaseous mixtures. Hart and Rappe ́14 in 1992 also
declared the limits of the LJ and Exp-6 (Buckingham)
potentials in describing the full range of vdW interactions,
and they suggested using the Morse potential at the same time.
Goddard et al.15−17 further used the Morse potential in
predicting gas adsorption in porous frameworks and obtained
reliable simulation results. However, our experience usually
shows that although the Morse potential is more suitable for
describing the interaction of repulsive regions, its long-range

exponential form always decays much faster than the actual
vdW interaction does with increasing distance.
Here, we propose a new function for vdW interactions that

can accurately describe both the repulsion and dispersion
components of vdW interactions for application in molecular
mechanics. Ab initio methods and atomic force microscopy
(AFM) measurements have been used to test the performance
of the potential function. The overall performance is
benchmarked against ab initio quantum mechanical (QM)
calculations. We illustrate that the new function produces
accurate vdW interactions, both for QM calculations and AFM
measurements.

2. METHODS

The Thomas−Fermi−Dirac statistical and self-consistent-field
theories give reliable results that the vdW repulsion energy
(Vrep) can be very well fitted by a simple exponential Born−
Mayer term,18,19 Vrep(R) = A exp(−bR), where A and b are
constants. Starting from the Schrodinger equation and taking
H2 as a model system, we rededuce the expression of the
ground state energy of H2 at a larger distance. We solve the
ground state energy of H2 with the Hamiltonian
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where “1” and “2” refer to electrons one and two, “a” and “b”
refer to two H nuclei, R and r12 are the distances between the
two H nuclei and two electrons, respectively, and ra1, ra2, rb1,
and rb2 are the distances between the H nuclei and electrons.
The system is supposed to be in the ground state. The atomic
hydrogen orbitals are given by

ψ λ
π

λ= [− ]r r( ) exp
3/2

(2)

where λ is the effective charge. The ground state wave function
for H2 can be treated as

ψ ψ ψ ψΨ = [ + ]r r r r( ) ( ) ( ) ( )H a1 b2 a2 b12 (3)

The corresponding energies in terms of the ground state
wave function are

κ ε κ ε= + + ′
+

− + − ′ + ′
+

E
R

A A s
s

s
s

1 2( )
1

2( ) ( )
1H 2 22 (4)

where s is the overlap integral, κ and κ′ are the coulomb
integrals, and A corresponds to the ground state energy of one
H atom. A and κ′ are independent of s and can be understood
by classical images. The energies ε, ε′, and A′ are caused by
exact quantum effects (exchange effects) and have no
corresponding classical images. Using ρ = λR, specific
expressions for s, A, κ, κ′, ε, ε′, and A′ can be found, as
shown in the Supporting Information (eqs S10−S14, S16, and
S17). Assuming that the exponential integral E1(ρ) (eq S19)
and the overlap integral s2 are small enough to be negligible, Es
can be expressed as follows

ρ ρ ρ ρ ρ
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= + + + + +
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Equation 5 illustrates that the ground state energy of H2 can
be approximated in the form of a series multiplied by
exponents when R is large enough. The similar results can
also be found in other works.14,20

A similar function can also be derived from the H2
+ system

(see the Supporting Information)
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When R is large enough, (1 − e−2R) ≅ 1, and the first term
of eq 6 can be approximated as 0. As R decreases, the
exponential term is increasingly important; ignoring the other
terms makes R−2n−2 dominant, leading to the potential
diverging to negative infinity. According to eq 6, when R is
large enough, the dispersion can be approximately with
asymptotic multipole expansion, but when simply add the
expansion with the Born−Mayer term,18,19 it will cause the
potential to dive toward negative infinity like Exp-6 potential.14

One way to deal with this problem is introducing in damping
function as Tang and Toennies et al. did.21−24 However, the

form of the damping function such as Tang and Toennies is
too complicate to be used in a molecular mechanic force field.
Actually, the divergence of the short-range can be avoided by
keeping the exponential term as the determinate term in the
cut-off range of the force field without considering the series
expansion form of the long-range dispersion. However, the
decay rate of exponential is much faster than multipole
expansion. In order to compensate for the too faster decay rate
of the exponential term, we introduced a series correction to
the term of attraction. Assume that the vdW potential function
has the form of eq 7.

ε α α= { [ − ] − [ − ]}U r r r A r r r( ) exp (1 / ) ( )exp /2(1 / )m m
(7)

where ε is the well depth, rm is the interatomic distance at the
energy minimum, and A(r) is a polynomial that slows down
the decay of the exponential.
Note that the new function must meet two basic conditions,

U(r = rm)/ε = −1 and dU/dr|r=rm = 0. In addition, two
additional constraints exist, limr→∞A(r) = ∞ and limr→0A(r) =
constant. To make the potential functional form as simple as
possible, no parameters other than ε, α, and rm should be
contained in A(r). Combining the four constraints and eq 5,
we propose a very simple form for A(r)

= − +A r r r r r( ) ( / ) 2( / ) 3n n
m

2
m (8)

where n is an integer. Equation 7 recovers the Morse potential
when n = 0, and our results suggest that it performs best when
n = 2.
Thus, we obtain the final form, named Exp-PE

ε α

α

= { [ − ] − −

+ × [ − ]}

‐U r r r r r r r

r r

( ) exp (1 / ) (( / ) 2( / )

3) exp /2(1 / )

Exp PE m m
4

m
2

m (9)

The thought of this formula is somewhat similar to the
damping function series such as Tang and Toennies in
introducing the revision form. Tang’s function21−24 is to
modify the short-range divergence of series expansion by
introducing the damping function, while the that of Exp-PE is
to modify the exponential long-range dispersion by introducing
the series. The Exp-PE potential function is very simple and
only has three parameters need to be fitted like Morse
potential does. Additionally, it fixed a bug of the vdW potential
function in the molecular mechanical force field and could be
used to improve the accuracy of the most molecular
simulations.

3. RESULTS AND DISCUSSION
Many systems are bound together by vdW interactions; but
among them, noble gas dimers prominently stand out. The
CCSD(T) approach25,26 extrapolated to the complete basis set
(CBS) limit, that is, CCSD(T)/CBS, has been carried out for
He−Ar and Ar−Ar dimers to provide a numerical test of the
Morse, Exp-PE and LJ 12-6 potentials. The augmented,
correlation consistent basis sets aug-cc-pV5Z and aug-cc-pV6Z
were utilized.27,28 Basis set superposition errors (BSSEs) were
accounted for using the counterpoise method.29,30 An
extrapolation to the CBS limit for the electronic correlation
energy was performed using a two-point extrapolation scheme
according to Helgaker et al.31 The related extrapolated formula
is written as
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= +E E C X/X
corr corr

CBS 3
(10)

where X is the cardinal number of the basis sets (aug-cc-PV5Z:
5, aug-cc-PV6Z: 6), Ecorr

X is the correlation energy obtained
with the basis set with cardinal number X, Ecoor

CBS is the basis set
limit of the correlation energy, and C is a constant. The HF
energy converges much faster than the correlation energy with
respect to the size of the atomic basis set. Thus, to simplify, the
HF limit is directly taken from the aug-cc-pV6Z basis set.
Figure 1a,b shows comparisons of the new function with the

LJ 12-6 and Morse potentials in terms of reproducing the QM
potential curve of Ar−Ar and He−Ar noble gas pairs. Fitting
parameters are listed in Table S2. We obtained excellent
agreement with QM calculations, and the agreement is very
good considering that the new function is very simple. In sharp
contrast to the other two functions, Exp-PE nearly matches the
reference potentials for all values of R. The Morse potential
performs well for the short-range repulsion but significantly
deviates from the QM energy for the middle and long-range
dispersion. LJ 12-6 reproduces the behavior of long-range
attractive interactions much better than the Morse potential,

but it shows a significant deviation for the repulsive
interactions.
In addition to rare gases, we further explored other

intermolecular interactions. Figure 1c,d shows the potentials
for the nonpolar system (CH4−CH4) and the polar system
HF−Kr. The CCSD(T)/QZVPP level was used here. We
discussed the relationship between fitting accuracy and QM
calculation levels in Supporting Information. As shown in
Figures S1 and S3, different calculation levels have significant
influence on the energy of the potential well, while the
influence on the fitting accuracy can be nearly ignored.
The same as in the case of noble gas dimers, the Morse

potential failed describing the potential in the region of the
asymptotic part and LJ 12-6 potential failed reproducing the
repulsion of the potential curves. As shown in the insets of
Figure 1, the Exp-PE potential even reproduces the attraction
part of the potential curves better than LJ 12-6 potential. This
is an important result. For a long time, LJ 12-6 has been widely
used. In addition to its simple enough form, it has advantages
in describing attraction of vdW interactions. However, the
advantages of LJ 12-6 in describing attraction are not superior

Figure 1. Comparison of the fitted energies with QM results: (a) Ar−Ar, (b) He−Ar, (c) CH4−CH4, and (d) Kr−FH. Here, C atoms are brown, H
white, F ice blue, and Kr dark cyan. QM results are shown as a solid red line while fitting energies with different potential function are shown in
symbols. Blue balls: Morse; black rhombus: Exp-PE; and orange circles: LJ 12-6. Distance for (c) is the separation between geometrical centers,
while for (d) it is the separation between the centers of mass.

Figure 2. Comparisons of experimental and calculated second virial coefficients. Second virial coefficients are shown as a function of temperature
for the (a) He−He and (b) Xe−Ar systems. Red square: QM results; Blue balls: Morse; black rhombus: Exp-PE; and orange circles: LJ 12-6.

The Journal of Physical Chemistry A pubs.acs.org/JPCA Article

https://dx.doi.org/10.1021/acs.jpca.9b11222
J. Phys. Chem. A 2020, 124, 2102−2107

2104

http://pubs.acs.org/doi/suppl/10.1021/acs.jpca.9b11222/suppl_file/jp9b11222_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpca.9b11222/suppl_file/jp9b11222_si_001.pdf
http://pubs.acs.org/doi/suppl/10.1021/acs.jpca.9b11222/suppl_file/jp9b11222_si_001.pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.9b11222?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.9b11222?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.9b11222?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.9b11222?fig=fig1&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.9b11222?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.9b11222?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.9b11222?fig=fig2&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpca.9b11222?fig=fig2&ref=pdf
pubs.acs.org/JPCA?ref=pdf
https://dx.doi.org/10.1021/acs.jpca.9b11222?ref=pdf


to Exp-PE potential. In summary, for all of the investigated
systems, the new form of the dispersion in Exp-PE that clearly
made the overall performance significantly improved.
The second virial coefficient (B(T)) is often used for testing

the reliability and appropriateness of potential functions
because of its enhanced sensitivity to the law of molecular
interactions. The calculated and experimental32 second virial
coefficients of two noble gas dimers, He−He and Xe−Ar, are
shown in Figure 2. In order to ensure the calculation accuracy
of the second virial coefficient, we considered scalar relativistic
effects via a second-order Douglas−Kroll−Hess approximation
for the energy calculation of the Xe−Ar system.33 Douglas−
Kroll correlation consistent polarized valence basis set, aug-cc-
pVTZ-DK and aug-cc-pVQZ-DK were utilized for Xe−Ar
energy extroplation.34,35 We have extended the calculations of
B(T) to a very high temperature (3273.15 K), where the
dispersion will be dominant. The parameters used to calculate
second virial coefficients are listed in Table S2. For the He−He
systems, the values calculated with the LJ 12-6 potential
diverge considerably from the experimental values, where the
discrepancies are systematic and slightly more than those that
can be explained on the basis of uncertainties in the
experiments. This result may be attributed to defects of the
function itself. Figure 2a,b clearly shows that our new function
(Exp-PE) has a significant correction in describing B(T)
compared with the Morse and LJ 12-6 potentials whether at
high or low temperatures. This result is consistent with the
accuracy in describing vdW interactions, as shown in Figure 1.
To benchmark the performance of the functional forms (see

Table S3) for vdW interactions, we calculated 419 data points
in the attractive region and 90 data points in the repulsive
region for 15 vdW systems. The 15 prototypic systems
included 9 rare gas diatomic molecules (Ne−Ne, Ar−Ar, Kr−
Kr, He−Ne, He−Ar, He−Kr, Ne−Ar, Ne−Kr, and Ar−Kr), 4
small-molecule gas pairs (H2−H2, N2−N2, CH4−CH4, and
O2−O2) and 2 polarity systems (LiH−He and HF−Kr). The
configuration interactions of the nine rare gas diatomic
molecules were calculated at the CCSD(T)/aug-cc-pv5z
level, while the other systems were calculated at the
CCSD(T)/QZVPP level. All binding energies in the binary
systems were corrected using the BSSEs by the full
counterpoise procedure.29,30 The well depth ε and mini-
mum-energy position rm were directly extrapolated from the ab
initio calculations during the fitting process. The parameters
are listed in Table 1. The mean absolute deviations (MADs)
for the different functional forms are graphically displayed in
Figure 3. The enhancement of Exp-PE over the other
functional forms is evident. The MAD for attraction decreases
in the range from 16% (compared to Exp-6) to 44%
(compared to the Morse potential). This result corresponds
to an important correction for the attractive interactions. As
shown in Figure 3, the difference in the MADs between
potential functions in the repulsive region is even more
significant. The MAD for the LJ 12-6 potential in the repulsive
region is too large to be overlooked. This result further
confirms that the LJ potential is too rigid to describe the full
range of vdW interactions. Morse and Morse-4-2 perform
consistently in the repulsive region because both potentials can
reduce to the Born−Mayer term at a short distance.
The interaction between the tip and the sample can be

directly measured with AFM to the atomic scale based on the
frequency shift of an oscillating cantilever.36 Kawai et al.
measured the vdW interactions at the atomic-scale contacts of

Xe−Ar, Xe−Kr, and Xe−Xe atoms.37 To provide a
comparative test of the Exp-PE potential function, their
experimental data are used for fitting. As shown in Figure 4,
only the data in the range of r > rm are employed. The
measured vdW interactions contain two parts. One is the
interaction between the tip and the rare gas atom on the
surface, and the other is the interaction between the Xe atom
adsorbed on the tip and the rare gas atom on the surface. Only
the second one is the ideal interaction we want to consider.
The authors confirmed that the contribution of the tip-noble
atom interaction can be neglected compared with the
interaction between Xe and the noble atom. However, when
the z distance is not large enough, this approximation will
cause significant deviations because the two parts of the vdW
interactions have very different mathematic laws. As shown in
Figure 4, the new potential function Exp-PE can nearly
perfectly reproduce the experimental potential curves of Xe−
Ar, Xe−Kr, and Xe−Xe. Fitting parameters are listed in Table
S4. The vdW interaction measured by Kawai et al. is not the
interaction between the two isolated neutral rare gas atoms.

Table 1. Parameters of Potential Functions Developed To
Fit the CCSD(T) Calculations

LJ 12-6/Buf-14-7 α

systems ε (KJ mol−1) rm (Å) Exp-6 Morse Exp-PE

Ne−Nea 0.31 3.13 14.47 13.66 13.70
Ar−Ara 1.09 3.80 13.23 12.64 12.67
Kr−Kra 1.52 4.10 13.14 12.54 12.59
He−Nea 0.16 3.05 13.77 13.11 13.15
He−Ara 0.23 3.50 13.92 13.19 13.24
He−Kra 0.23 3.70 14.08 13.29 13.35
Ne−Ara 0.50 3.50 14.36 13.48 13.54
Ne−Kra 0.53 3.70 14.16 13.28 13.36
Ar−Kra 1.27 3.80 13.60 12.91 12.97
H2−H2

b 0.31 3.43 12.10 11.49 11.68
N2−N2

b 0.95 4.25 14.73 13.61 13.72
CH4−CH4

b 1.87 3.65 13.63 11.19 12.79
O2−O2

b 1.48 3.35 11.76 11.19 11.41
HF−Krb 0.71 3.70 13.90 11.24 13.19
LiH−Heb 1.67 2.30 11.75 11.24 11.38

aCCSD(T)/aug-cc-pv5z. bCCSD(T)/qzvpp.

Figure 3. Comparison of MAD values for different functional forms in
repulsion (Repul.) and attraction (Attra.) regions.
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The atoms adsorbed at the tip and the surface have a certain
polarization, and the measured vdW interactions include
polarization interactions. This phenomenon is why the
interactions they measured are several times larger than the
pure atom−dimer interaction curves. Testing the vdW
potential energy function with such data is meaningful.
Atoms in the vdW interaction systems we usually deal with,
such as a stack of base pairs, will be more or less affected by the
surrounding environment and produce a certain degree of
polarization. If a functional form can describe the vdW
interactions between atoms in various environments, it will
have a wider use.

4. CONCLUSIONS
In conclusion, we recalculated the form of the long-range
dispersion by using H2 systems to give a more fundamental
understanding. The results suggest that a power series
expansion is suitable for a large distance, where the exponential
part can be neglected. However, ignoring the exponential form
in the middle or short range will cause a significant deviation,
as the electron overlap function is non-negligible in this case.
Based on the mathematical and physical constraints, we
proposed a simple potential function, Exp-PE, for vdW
interactions. Test results show that Exp-PE has a significant
correction compared to other commonly used force field
functional forms in describing vdW interactions. The test
results show that Exp-PE has a significant correction compared
to the LJ 12-6 and Morse functional forms in describing vdW
interactions. Exp-PE can reproduce the asymptotic behavior up
to 10 Å, which is sufficient for most molecular mechanics
simulations. Moreover, AFM measurements further indicate
that the new function deals with the systems that contain
polarization very well. Therefore, we have provided a possible
accurate description of both the repulsion and dispersion in
vdW interactions using a simple potential function that will
hopefully be wider utilized in applications. This work may also
provide a new idea for finding more suitable and simpler vdW
functional forms.
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