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Abstract The chemical kinetics of supersonic hydrogen fluoride (HF) chemical lasers
determines combustion characteristics and output power. However, the inherent com-
plexity of chemical reactions and complex structure still challenge the numerical
simulations involving a comprehensive chemicalmechanism.Therefore, a highfidelity
and low computational consuming model is important for design purpose. This paper
presents a strategy to generate a reduced mechanism for HF chemical lasers. Based on
a detailed HF chemical mechanism consisting of 16 species and 153 elementary reac-
tions, a specific skeletal mechanism including 11 species and 58 elementary reactions
is generated. Finally, we obtain a further reduction mechanism including 11 species
and 39 elementary reactions by combining sensitivity analysis and rate of produc-
tion analysis. The computational cost for simulation of supersonic HF chemical lasers
with the reduced mechanism is less than that with the detailed model. The principal
contribution of the work is to provide a low computational consuming model.

Keywords Chemical laser · SA · DRG · Reduced mechanism · Rate of production

1 Introduction

In themiddle 1960s,HFchemical lasers havebeen extensively studied and the pumping
reactions are the paradigm for exothermic triatomic chemical reactions [1]. Despite
enormous experiments and theoretical research expended to make a better under-
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standing on the performance of supersonic HF chemical lasers. However, the inherent
complexity of the HF chemical reactions and complex structure of the supersonic flow
still be a big challenge to of numerical simulations of continuous wave HF chemical
lasers devices. In the frame of computational flow dynamics, the influence of chemical
reactions on the flow processes is by loading chemical reactions sources term in the
species transport equations. As we all know, the kinetic models have strongly impact
on the numerical results. Meanwhile, numerical simulations involving a detailed state-
to-state chemical mechanism are prohibitive for real large-scale HF chemical lasers.
Consequently, a highly fidelity and less time-consumingmodel is necessary to simulate
HF chemical lasers.

High-intensity 2.7 μm fundamental HF laser relies on exothermic chemical or
energy transfer reactions to produce population inversion in the product species. The
pumping reactions are given:

F + H2 → HF + H, (R1)

H + F2 → HF + F. (R2)

These two reactions can generate partial inversion between several ro-vibrational
levels in different vibrational states and the excited states of HF (υ, J) are rapidly
quenched by collisions with corresponding species. Emanuel present a theory for
HF chemical laser under continuous wave conditions and analyzed the influence of
parameters of the system [2]. The kinetic packages of the HF chemical lasers has been
published in 1976–1977 [3] and in 1982 [4]. The state-to-state kinetic model has been
widespread in numerical simulation. Numerical results of non-premixed supersonic
combustion with different fuel/oxidant has been obtain insight into the mechanism of
coupling between the process in the combustion region and in the supersonic supply
system with 13 species and 165 elementary reactions [5, 6]. In fact, most of these
researches has focus on large-scale laser technology demonstrations. However, the
development of chemical mechanism of HF lasers is very slowly. In 2002, Manke II
andHager published a new reviewbased on the analysis of experimental and theoretical
data and recommended corresponding rate constants [7]. This package has been used
until now, and in this package, many rate constants has no change, but exception
of multi-quantum collisional HF (υ) deactivation by HF, DF, F has been confirmed.
Comparison of these well-known kinetic models by analyzing the small single gain,
which the difference reaches 40–60%, by simply adding and subtracting elementary
reactions [8]. In fact, HF lasers are strongly coupled with rapid and effective mixing of
the reagent gas, it is not yet draw accurate, unambiguous conclusions about the package
[9]. In current works, we attempt to provide a less time consuming mechanism for
design purpose and make a further understanding on chemical mechanism.

Many scholars have proposed different methodologies for mechanisms reduction.
There are two major categories of reduction techniques for reduction mechanisms,
namely species-based elimination and time-scale analysis. The first strategy is to
generate a skeletal mechanism by eliminating redundant species and corresponding
elementary reactions. In species eliminating methods, DRG method has been proved
to be an efficient tool to construct skeletal mechanism, introduced by Lu and Low
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[10]. Subsequently, some methods based on the DRG method have been put forward
to improve andmodify the results of reduction, such as theDRGwith error propagation
(DRGEP) [11]. The second strategy is time-scale analysis. Time-scale analysis is based
on the observation that there are frequently highly reactive radicals or fast reactions in
detailed chemistry, resulting in vastly different time scales and stiffness in the system
[12]. These methods are based the assumption that the system is quasi-steady-state
and partial equilibrium reactions. Such as the computational singular perturbations
(CSP) [13, 14], quasi-steady-state approximation (QSSA) [15].

The primary purpose of this paper is to develop a fidelity and less time-consuming
model using DRG and Sensitivity Analysis methods, based on a detail mechanism
including 16 species and 153 reactions. Results of small single gain has been obtained
to validate the less time-consuming model with two-dimensional computational fluid
dynamics.

2 Reduction methodologies

Sensitivity analysis can be used to understand the relationship between the values
of the input parameters of a mathematical model and its solutions. The data source
of the sensitivity analysis can help to gain a better understanding of the chemical
processes and identify the keymodel output or production distributions. For a spatially
homogeneous system, the change of the variable Y in time is calculated from the
following ordinary differential equation (ODE):

dYi

dt
� f (Y, x). (1)

The effect of changes in parameter set x on the concentrations at a given time can
be characterized by the following Taylor expansion:

Yi (t, x + �x) � Yi (t, x) +
m∑

j�1

∂Yi
∂xi

�xi +
1

2

m∑

k�1

m∑

j�1

∂2Yi
∂xk∂xi

�xk�x j + · · · . (2)

In Eq. (5), ∂Yi/∂xj is the first-order local sensitivity coefficient; ∂2Y i/∂xj∂xk is the
second-order local sensitivity coefficient. The normalized sensitivity coefficientmatrix
S=(xj/Y i)(∂Yi/∂xj) is to take account of the different units between input parameters
and outputs such as concentrations or temperature [16]. For reactions rate sensitivity,
the variant xi represent the pre-exponential “A-factors” in the Arrhenius reaction rate
expressions. In the present work, the sensitivity coefficient matrix is calculated by
using the homogeneous batch reactor model with SENKIN code [17].

Direct Relation Graph method introduced by Lu and Law [10] makes an important
contribution to generate skeletal mechanisms with the merit in clear concept and less
computation time consuming. However, it is far more complicated to identify and to
remove the redundant species because of the strongly coupled species. In the DRG
method, the direct interaction coefficient between the two-coupled species is defined
as:
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r DRG
AB �

∑
i�1,I

∣∣vA,iωiδ
i
B

∣∣
∑

i�1,I

∣∣vA,iωi
∣∣ , (3)

δiB �
{
1, if the i th reaction involves species B
0, otherwise

, (4)

where rAB (0< rAB <1) is the interaction coefficient of the species A and species B,
respectively. vA,i is the net stoichiometric coefficient of species A,ωi is the net reaction
rate of the ith reaction. In order to quantify the relationship between species, we define
a threshold ε to generate a skeletal mechanism with different levels of accuracy. In the
DRGmethod, each species is assumed to be equally important and only direct relation
between two species is calculated.

Pepiot-Desjardins has proposed a directed relation graph with error propagation
method (DRGEP), where coupling between two species through all possible pathway
is considered [11]. The following interaction coefficient rAB is written explicitly as:

rAB �
∑

i�1,I

∣∣vA,iωiδ
i
B

∣∣

max(PA,CA)
, (5)

PA �
∑

i�1,I

max(0, υAi ωi ), (6)

CA �
∑

i�1,I

max(0,−υAi ωi ), (7)

where PA andCA are the production and consumption rate of species A. After calculat-
ing the direct interaction coefficient for all species pairs, a path dependent interaction
coefficient rAB,P is calculated through a damping procedure,

rAB,p �
n−1∏

i�1

rSi Si+1 . (8)

In Eq. (11), S is the generic intermediate species, interposing in the pth reactions
path between the species A and B. In the DRGEP methods, if species A is kept in the
mechanism, all other species that are reachable for species A though direct and indi-
rect coupling are calculated using the overall interaction coefficient. The interaction
coefficient is described as:

RAB � max
S

(
rAB,p

)
. (9)

The DRGEP method then performs an efficient breadth-first search algorithm [18].
For a given error limit, an iterative search algorithm chose the optimal threshold ε

by taking the following steps. First, starting with a low value of 0.001, the algorithm
generates an initial skeletal mechanism and calculates the maximum error of the cor-
responding parameter for all initial conditions using,
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Ei � max
j

∣∣δi, j − δdetail, j
∣∣

δdetail, j
, (10)

where δ is the concentration of species or other parameter from the skeletal mechanism
through removal of the ith species in the indeterminate set at the condition. The smallEi

of the species will be eliminated from the mechanism, and then a skeletal mechanism
is generated with the specified error limit.

Following removal of a large number of species by the DRG and DRGEP method,
a sensitivity analysis is performed in the following steps: (1) when the skeletal mech-
anism is generated. (2) Remove each candidate species individually from the smallest
acceptable skeletal mechanism generated by DERGEP and calculate the induced error
on target parameters for the target species. (3) Rank the candidate species by using
their induced error in ascending order. (4) Remove candidate species from the smallest
skeletal mechanism generated byDRGEP in order as prescribed in step 3 and calculate
the cumulative induced error and target-induced error on target parameters after each
species is removed. Stop the process when the cumulative induced error is beyond the
tolerance level.

3 Chemical reaction model

In continuous-waveHF chemical laser system, the oxidant F and the fuelsH2 and dilute
gas are expanding through supersonic multi-nozzle bank into the cavity in a very short
time. In addition, the chemical kinetics requires flow at very high velocity and low
pressure which results in low Reynolds number or laminar flow with extended mixing
lengths. In order to identify the main features of chemical mechanism in the cavity, we
adopt Perfectly Stirred Reactor (PSR) model to develop a reduced mechanism with
some certain assumptions.

Oneof the keyparameters determining the laser power andwhich could bemeasured
experimentally is the small signal gain (SSG). It’s always used to validate the numerical
simulation results. The small singal gain of the medium is a function of population of
the upper and lower quantum energy states

γ (υ) � σ (υ)

[
Nu − gu

gl
Nl

]
, (11)

where Nu and Nl are the upper and lower energy states number densities, respectively.
gu and gl are the degeneracies of the upper and lower energy level, respectively, and
the σ(υ) is the stimulated emission cross section given by

σstim(υ) � c2Aum

8πυ2 f (υ), (12)

where Anm is the Einstein emission coefficient, υ is the transition frequency and the
f(υ) is the spectroscopic line shape function.

Even though there are only 9 chemical species (F, F2, HF, DF, H, H2, H2 (1), He,
N2), the chemistry of this system is extremely complex. In real system, the vibrational
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levels is up to nine with up to 30 rotational levels, and each HF (υ, J) must be treated
as individual species and be tracked [19].

This paper adopts the state-to-state kinetic model and the rate constants of dissoci-
ation–recombination, and the reactions of V–V and V–T energy exchange.

Pumping reaction:

F + H2 → HF (υ) + H, (R1)

H + F2 → HF (υ) + F. (R2)

Collisional relaxation:

HF (υ) + M → HF (υ − 1) + M (R3)

M � HF, H2, F, H, He, DF

V–V energy transfer:

HF (υ) + HF (υ) = HF (υ − 1) + HF (υ + 1) (R4)

HF (υ) + H2 (0) = HF (υ) + H2 (1) (R5)

Dissociation reaction and recombination reaction:

F + F + M � F2 + M (R6)

H + H +M � H2 + M (R7)

F2 + M � 2F + M (R8)

HF (υ) + M � H + F + M (R9)

The rate constant are expression by modified Arrhenius equation

ki � Ai T
b exp

(
− Ea

RT

)
, (13)

where Ei is the energy of activation, Ai and b are the pre-exponential factor and tem-
perature parameter, respectively. In addition, For such rate constant of the reactions:
k0 =6.0×1011T−1+1×104T2.28, the elementary reaction can be divided two individ-
ual duplicated reactions. Finally, a detailed mechanism contains 16 species and 153
elementary reactions has been constructed [1, 7].

4 The reduced mechanism for HF chemical lasers

The simulation are executed by using PSR model without heat loss. The initial tem-
perature of 298 K, the range of the initial pressure is 3–10 Torr, and the initial mole
fraction are listed in Table 1.
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Fig. 1 Evolution of the species number of the skeletal mechanism on the threshold value ε. The results of
DRG, and DRGSA coincide. The results of DRGEP and DRGEPSA coincide

In this paper, F, H2 and temperature are selected as the starting conditions. Figure 1
shows the evolution of the number of species kept in skeletal mechanism versus the
threshold values ε. Obviously, when the threshold ε is 0.01, the skeletal mechanism is
almost the same to the detailedmechanism.And thenwhen the threshold ε is 1.0,H,H2,
F, F2, HF (1), DF, N2 and He remain in the skeletal mechanism with 12 elementary
reactions, which contains 10 third body reactions. It is obvious that the DRG and
DRGSA methods almost generate the same skeletal mechanism along the threshold
change. The strongly coupled species HF (4), HF (5), HF (6) come when threshold
value ε is 0.3. However, the DRGEP and DRGEPSA methods show the sequence of
removal species: HF (4), HF (7), HF (5), HF (6). When HF (3) is removed from the
skeletal mechanism, target tolerance of the temperature has an apparent increase. In
the HF chemical laser system, the calculation of small single gain relevant to HF (3)
[8]. This paper analyzed that H2 (1) almost has no influence on supersonic HF lasers.
Unfortunately, the DRG, DRGEP and DRGEPSA cannot identify H2 (1). Finally, a
skeletal mechanism is generated including 11 species and 58 elementary reactions.

Because of various third body reactions retaining in the skeletal mechanism, a
further reduction step is performed by using rate of production analysis and sensitiv-
ity analysis. Rate of production analysis provides complementary information on the
direct contributions of individual reactions to species net production rates. The unim-
portant reactions can be eliminated from the skeletal mechanism if the contribution of
ith reaction is less than the threshold value. In the current work, the threshold value is
equal to 1.0E−11, the dissociation and recombination reactions of H2, F2, HF (υ) can
be removed from the skeletal mechanisms. By combining rate of production analysis
and sensitivity analysis, we developed a reduced mechanism containing 11 species
and 39 reactions. Table 2 lists the reduced mechanism.

Figure 2 lists the sensitivity coefficients of the most important reactions for temper-
ature. It is evident that these important elementary reactions in skeletal and reduced
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Table 2 The reduced mechanism with 11 species 39 elemental reactions

No. Reaction No. Reaction No. reaction

1 F+H2 =>HF (1)+H 14 HF (3)+H=>HF
(1)+H

27 HF (1)+HF
(2)=>HF
(0)+HF (3)

2 F+H2 =>HF (2)+H 15 HF (2)+H=>HF
(0)+H

28 HF (1)+N2 =>HF
(0)+N2

3 F+H2 =>HF (3)+H 16 HF (3)+H=>HF
(1)+H

29 HF (2)+N2 =>HF
(1)+N2

4 H+F2 =>F+HF (0) 17 HF (3)+H=>HF
(0)+H

30 HF (3)+N2 =>HF
(2)+N2

5 H+F2 =>F+HF (1) 18 HF (1)+F=>HF
(0)+F

31 HF (1)+N2 =>HF
(0)+N2

6 H+F2 =>F+HF (2) 19 HF (2)+F=>HF
(1)+F

32 HF (2)+N2 =>HF
(1)+N2

7 H+F2 =>F+HF (3) 20 HF (3)+F=>HF
(2)+F

33 HF (3)+N2 =>HF
(2)+N2

8 HF (3)+H=F+H2 21 HF (1)+He=>HF
(0)+He

34 HF (1)+DF=>HF
(0)+DF

9 HF (1)+H2 =>HF
(0)+H2

22 HF (2)+He=>HF
(1)+He

35 HF (2)+DF=>HF
(1)+DF

10 HF (1)+H=>HF
(0)+H

23 HF (3)+He=>HF
(2)+He

36 HF (3)+DF=>HF
(2)+DF

11 HF (2)+H=>HF
(1)+H

24 HF (1)+HF
(0)=>2HF (0)

37 HF (1)+DF=>HF
(0)+DF

12 2HF (1)=>HF
(2)+HF (0)

25 HF (2)+HF
(0)=>HF (1)+HF
(0)

38 HF (2)+DF=>HF
(1)+DF

13 2HF (2)=>HF
(3)+HF (1)

26 HF (3)+HF
(0)=>HF (2)+HF
(0)

39 HF (3)+DF=>HF
(2)+DF

mechanism are almost the same as those in detailedmechanism and the values of sensi-
tivity coefficient agree well with each elementary reaction. The results confirm that the
dominant reactions are F+H2 =>HF (2)+F, F+H2 => HF (1)+F, H2 (1)+H=H2 +H
and F+H2 =>HF (3)+H. As shown in Fig. 4, F+H2 =>HF (2)+F and F+H2 =>HF
(1)+F have an positive influence on system temperature while the H2 (1)+H=H2 +H
and F+H2 =>HF (3)+H have a negative influence on system temperature.

Figure 3 shows that the dominant reactions do not change as the equivalence ratio φ

increased.Nevertheless,H2 (1)+H=H2 +H,HF (3)+F=> HF (2)+FandF+H2 =>HF
(3)+H have an significant fluctuation as φ increased. Furthermore, when φ >1.0, the
gap of sensitivity coefficients between these reactions becomes smaller. It shows that
the system temperature increases slower as equivalence ratio increases.
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Fig. 2 Sensitivity coefficients for temperature of the most important reactions (T=298 K, P=5.0 Torr)

Fig. 3 Sensitivity coefficients for HF (2) over a range of equivalence ratio using the reduced mechanism

5 Numerical simulation of supersonic HF chemical lasers

The combustion driven HF overtone chemical lasers is composed of five parts: gas
entering system, combustor, nozzle array, optical resonator and pressure recovery sys-
tem. In order to validate the reduced mechanism, two-dimensional Navier–Stokes
equations and species transport equation are applied to numerical analyze the mecha-
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nismof optical resonator in supersonicHF chemical lasers. The conservation equations
are in the following form:

∂Q

∂t
+

∂E

∂x
+

∂F

∂y
� ∂Ev

∂x
+

∂Fv

∂y
+ Schem, (14)

where Q is the conservative flow variable vector, and E and F are the inviscid flux
vectors in the x, y directions, respectively. Ev and Fv are the viscous flux vectors. Schem
is the source vectors that indicate the rates of formation of chemical species due to the
chemical reaction.

Q �

⎛

⎜⎜⎜⎜⎜⎜⎝

ρ1

ρu

ρv

ρet
ρYi

⎞

⎟⎟⎟⎟⎟⎟⎠
, E �

⎡

⎢⎢⎢⎢⎢⎢⎣

ρu

ρu2 + P

ρuv

u(ρet + P)

ρuYi

⎤

⎥⎥⎥⎥⎥⎥⎦
, F �

⎡

⎢⎢⎢⎢⎢⎢⎣

ρv

ρuv

ρv2 + P

v(ρet + P)

ρvYi

⎤

⎥⎥⎥⎥⎥⎥⎦
,

Ev �

⎡

⎢⎢⎢⎢⎢⎢⎣

0

τxx

τxy

uτxx + vτxy − qx + qsx
dx

⎤

⎥⎥⎥⎥⎥⎥⎦
, Fv

�

⎡

⎢⎢⎢⎢⎢⎢⎣

0

τxy

τyy

uτxy + vτyy − qx + qxy
dy

⎤

⎥⎥⎥⎥⎥⎥⎦
, Schem

�

⎡

⎢⎢⎢⎢⎢⎢⎣

0

0

0

0

ωi

⎤

⎥⎥⎥⎥⎥⎥⎦
,

et �
NS∑

i�1

Yihi − P

ρ
+
1

2

(
u2 + v2

)
, hi � h0f i +

∫ T

Tre f
CpidT , P � ρRuT

NS∑

i�1

Yi
Wi

,

where et is the total internal energy, h is the enthalpy, Cpi is specific heat at con-
stant pressure of ith species, P and T are the pressure and temperature of systems,
respectively.
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Fig. 4 Distribution of temperature. 16-species model (a) and 11-species model (b)
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Fig. 5 Mole fraction of HF (2). 16-species model (a) and 11-species model (b)
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Fig. 6 Small signal gain of P11. 16-species model (a) and 11-species model (b)
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Figure 4 shows that the distribution of the gas flow in supersonic HF chemical
laser. The temperature of the combustor is almost equal 1900 K, via the process of
cooling by dilute gas in the secondary nozzle, and then mixed with H2 in the cavity.
The temperature distribution of the detailed mechanism and the reduced mechanism
is almost same.

Figure 5 shows that mole fraction of HF (2) distribution. The distribution of HF (2)
is at the bottom of optical cavity because of the speed of the injected of H2 nozzle is
low.

In this paper, the gain coefficient are calculated under the assumption of the
equilibrium Boltzmann distribution for the rotational population at the translational
temperature T . The rotational energy states for each vibrational state are given by

ρυ,J � ρυυ
2J + 1

Q(υ)
exp

(
−�cEυ,J

kBT

)
, (15)

where Q(υ, J) is the rotational-partition function for a vibrational level, c is the speed
of light, kB is the Boltzmann constant, and Eυ,J is the rotational energy of state υ,
J . Equations (14) and (15) are used to calculate the SSG, and the corresponding
parameters are obtained from the paper [7]. Figure 6 shows the distribution of SSG.
The distribution are in accordance with 16-species model and 11-species model.

From the above analysis, the reduced mechanism including 11 species and 39
reactions can describe themain feature ofHF lasers. The lowcomputational consuming
model is important for numerical stimulation and experiments for design purpose.

6 Conclusions

In this paper, we developed a skeletal mechanism including 11 species and 58 elemen-
tary reactions for the HF chemical laser system. The results of skeletal mechanism
with DRG, DRGSA, DRGEP and DRGEPSA are compared. The DRG and DRGSA
methods have a significant drop, which shows that a stronger relation coupled among
HF (4), HF (5) and HF (6). However, the DRGEP and DRGEPSAmethods can orderly
remove the species: HF (4), HF (7), HF (5) and HF (6). All these methods can pro-
vide an accurate skeletal mechanism with a rather small number of species. The DRG
method is an effective tool to generate a skeletal mechanism with less time consum-
ing and considerable accuracy in HF lasers. By using rate of production analysis, the
skeletal mechanism is further reduced to 11 species and 39 elementary reactions.

To validate the reduced mechanism, this paper presents a numerical simulation of
two-dimensional supersonic HF chemical lasers. The low computational consuming
model can describe the main feature of HF lasers and is easy to implement for design
purpose.
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